Morin’s Classical Mechanics

Russell Georgi

1.1
The relevant variables are G (gravitational constant), M (mass of the planet), m (mass of the
object), and R (distance from the planet). The escape velocity cannot depend on mass of
the object because Newton’s law of gravity takes the form of G%m, and because of F' = ma,
acceleration due to gravity divides that by m, leaving G;JZVI , which is independent of m. Thus,

the variables this can depend on are G, M, and R. Therefore,

() DMLY = (2)

Focusing on T, we have
1 1

()" = (5)
and thus a = % Plugging this back in we get

() ML) = (5)

Now focusing on M we have
1

(7)
sob= % Finally focusing on L we have
(L)AL =L

and thus ¢ = f%. Thus escape velocity must be

GM

R

up to numerical factors.
1.2
The relevant variables are M, m and ¢. 7 is dimensionless, so we have

(M)*(M)*(L)* =1

. Therefore trivially a = —b and ¢ = 0, so it does not depend on ¢.
1.3
The relevant variables are p and B, so we have

M, M., L



This gives a = —3 and b = 1, so speed must be

B
p

up to numerical factors.
14
The relevant variables are R, p and G, so we have

3
(0" () =

Looking at T we have

1., 1
() = 7
SO ¢ = % Looking at L we have
L3c
s =1
L2

so b must equal % and a must equal 0. Thus frequency must be

Nre

up to numerical factors.

1.5

a) The relevant variables are m, V, and b, however the units of b depend on n. bv™ must have
the units of force, so we have

L, ML
B = o
ML n
= (o )(7)
n—2
- MT
n—1
Plugging this in we have
L, MT" 2
M a/@— b c — T
(M) () ()
Focusing on T this is
L b n—2
_ TTL C — T
()@
thus
1+b=c¢c(n-2)
Focusing on M this is
(M)*(M)* =1
thus
a=—c
Focusing on L this is
1



thus

b=c(n—1)
We have
1+b=cn—2c
b=cn—c

Subtracting we get that ¢ = —1, thus a = 1 and b = 1 — n. Thus the stopping time is
m -n
(i)

up to numerical factors. b) Plugging everything in we have

L, MT"2
MY (W ( ) =T
(MY (D)
Focusing on T this is
L b pm—2
(T =) =1
()@
thus
b=c(n—-2)
Focusing on M this is
(M)*(M)* =1
thus
a=—c
Focusing on L this is
1
b c
(L) () =1
thus
b+1=c(n—1)
We have

b=cn—2c
1+b=cn—c
Subtracting we get that ¢ = 1, thus a = —1 and b = n — 2. Thus the stopping distance is

(22

m

up to numerical factors.
1.6

gvij and ,/”27’1 go to zero for h=0, which is not right because the ball can still travel up to ”’72

from h = 0. ”’72 is incorrect because it has no h dependence, which the correct solution obviously

1)2

would have. 1% is wrong because if you increase h too much it becomes negative, which is
2

v

nonsensical in this context. ”!72(1 + Qf—Qh) is wrong because this simplifies to “572 + 2h, which is 2h

at v = 0, not zero. Therefore, %\/1 + %h must be correct by process of elimination.
1.7



https://azgeorgis.net/rmg/morin/1-7.html
2.1
Balancing forces on a piece of the rope gives

T (¢ + dl) = T(0) + pdlg

thus

dT = pgdl
thus

T(6) = pgt
2.2

The normal force on the block is mg cos(f) perpendicular to the plane, so the horizontal compo-
nent of the normal force is mg sin(#) cos(f). Likewise, the friction force is just large enough to bal-
ance the gravitational force, so it is pmg sin(d), thus its horizontal component is pmg cos(8) sin(6).
These are maximized when their derivatives are zero, so we have

d .
% cos(f) sin(f) =0

cos?(#) — sin?(9) = 0
cos(f) = sin(h)
b=1

2.3
The chain is in the shape of a function y(z) with both endpoints equal. By trigonometry, he
angle between the chain and the horizontal is

dy
tan~ ! (==
an” " ( dx)
The length of a chunk of the chain is
dy?
- +1
dx +

2
The force of gravity on a chunk of the chain is gAy/ % + 1dz, therefore the component of this

parallel to the tube is
. dy.. .\ [dy®
tan (== )\ == 1d
g sin (arc an(dx)) . + ldx

dy [ dy?
gANGEAN FE +1dx
N
d

Y
A—=d
g dx v

which is equivalent to


https://azgeorgis.net/rmg/morin/1-7.html

Integrating to obtain the force over the whole chain we get

L
dy
A —d
g /0 dz "
which is by the fundamental theorem of calculus just the change in the function over that interval,

but the function has both endpoints at the same height, so it is just 0.
24

a) Horizontal F' = ma equation:

Fcos(0) = Frorm
Vertical F' = ma equation:

Mg = Fsin(0) + puFnorm
Substituting and solving:
Mg = Fsin(8) + Fpcos(9)
_ Mg
~ sin(#) + pcos(f)

b) This is maximized when 45 = 0, so we have

Mg(psin(f) — cos(6)
(1 cos(8) + sin(6))>?

=0

Because the denominator cannot be infinity, the only way this can equal zero is if the numerator
is zero, so
Mg(psin(f) — cos(6) =0
psin(0) — cos(f) =0
cot(0) = p

1
0 = arctan(—
(u)

The corresponding minimum F is

F= Mg
a Sin(arctan(i)) + ,ucos(arctan(%))
_ Mg
B cos(arctan(p)) + psin(arctan(u))
M
F = —92
# + S
ViRl 2l
My

F=—
Vi +1
¢) The minimum 6 would be when F goes to infinity, so
sin(f) 4+ pcos(f) =0
tan(f) = —p
0 = — arctan(u)



2.5
The force of gravity on an infinitesimal chunk of the rope is

pg sin(0) dx

The friction force satisfies
Frrict < upgcos(d) dx

For the minimum tension, the friction force counteracts gravity,so f the friction force is greater
than the gravitational force, there will be zero tension at the top of the rope. This implies

upg cos(0) dx > pgsin() dx
pcos(f) > sin(6)
> tan(6)
If i < tan(@), then there will be a minimum tension force of
pgsin(0)L — ppg cos(0)L

On the other hand for the maximum tension, the friction acts with gravity, so we have a maximum
tension force of
pgsin(0)L + ppg cos(0)L

i)-GA small chunk of the rope applies a force to the disk of
2T'sin(d0/2)
which at small angles is approximately equal to
Tdo

The vertical component of this is
T'sin(6) df

Integrating this from 0 to m we get

/ Tsin(0) df = 2T
0

o)
2T = Mg
M
it
2
The normal force per unit length is
Tr T
7R R

b) For the minimum tension force the friction force should always counteract the tension. We

have for a chunk of rope
dT < pTdf



so at the bottom
umR

T>Toe 2
Since Ty is %, the minimum tension at the bottom is

Mg uzn
—E€
2

2.7
For each shape, balancing forces on the object gives

2F, orm sin(f) = mg
and balancing forces on the circles gives
Frormcos(d) = F

Solving we obtain
_ mgcos(0)
~ 2sin(f)
Since m = g A this is
o Agcos()
2sin(6)
The only thing remaining is to find A in terms of L and 6 for each shape.

a)

F =

If you continue the radii of the circle until they touch the top side of the triangle, an isosceles
trapezoid is formed with the bottom two angles as 6, therefore, the top two angles must be 7 —6.
Thus, we can obtain the angles of the isosceles triangle to be § — 6, 5 — 6, and 26. The base is
therefore 2L sin(#), and the height is L cos(f), so the area is L? cos(f)sin(#). Thus the F is

L? cos(0) sin(0)og cos(6)
2sin(0)

L2 cos(0)%og
2
This value has a minimum of 0 at 6 = Z.

2
b)



The width of the rectangle is
2R — 2R cos(0)

2R(1 — cos(6)
Thus the area is
2RL(1 — cos(0))

and the force is
mgRL(1 — cos(8)) cos(0)

F= sin(0)

SO

The radius of the small circle is set by the equation
2R =2(R+ r)cos(0)

R(1 — cos(8)) = rcos(0)
_ R(1 — cos(h))
cos(0)

Thus the area is
R(1 — cos(h))

2
m( cos(6) )
Plugging that back in we get

o= (B~ c05(0) oo os(0)

cos(6) ) 2sin(6)

_ nogR?(1 — cos(0))?
2sin(0) cos(f)




2.8
Assume the tension is described by a function T'(z) and the height is described by a function
y(x). Consider a small piece of the chain. Balancing forces in the horizontal direction gives

T(x), =T(x+dz),

Thus the horinzontal component of the tension is constant. Balancing forces in the vertical

direction gives
T(z)y =T(x+dzx)y + Mg/ 1+ y'(z)%de
T'(x)y = AgvV/1+y'(2)?
But because the tension must always point along the chain, we have

T(z)y

T(@), — y'(x)

Because T'(x),, is constant

Setting C = Tg‘é’) we have

y'(z) = C\/1+y/(2)?
y”(x)2 — 02 4 CQy/(.%‘)2

Letting z(z) = ¢/ (x)
2 (x2)? = C? 4+ C?%2(x)?

With a change of notation

dz _ VO2 + 0252

dx
dz B
N
dz
| i== o

With n as the constant of integration

dr

sinh™(z) = 2C +n
z = sinh(zC + n)

Substituting back
dy = sinh(xC + n)dx

With h as another constant of integration

Y= cosh(zC + n) + hdz
C
However, n is always zero if we define x=0 as the lowest point of the chain, because
y'(0)=0



sinh(0+n) =0

n=20
So we have )
v=G cosh(zC) + h
where C' = Tz\a?)w'
b) We have from the given quantities
Tp—x;=d

y(@y) —y(z:) = A
and o
/ V14 sinh(xC)2dx = ¢
Using the hyperbolic trig identity

cosh(z)? — sinh(z)? = 1

this is equivalent to

zy
/ v/ cosh(xC)2dx = ¢

zy
/ cosh(zC)dx = ¢

1
5(sinh(xf0) — sinh(z;C)) = ¢
and substituting the other equation is equivalent to
1
5(cosh(xf0) — cosh(z;C)) = A
Squaring both we get

1
@(sinh(gch)2 — 2sinh(x;C) sinh(z;C) + sinh(x,C)?) = ¢?

%(cosh(xfC)2 — 2 cosh(x;C) cosh(z;C) + cosh(z;C)?) = A2

Subtracting
1
o2
By the identity cosh(x) cosh(y) — sinh(z) sinh(y) = cosh(z — y), this is
(2cosh(Cd) — 2) = C?(£% — \?)

which is the required equation.
2.9
The support force F is given by the equation

2F sin(arctan(sinh(Cd))) = Agl

10

——(—1+2(cosh(z;C) cosh(z 4 C) — sinh(z;C) sinh(z;C)) — 1) = £2 —

)\2



2F tanh(Cd) = \g

From 2.8 we have

%(sinh(dC) —sinh(—dC)) = /¢
Thus
_ Agsinh(dC)
~ C'tanh(dC)
Ag cosh(dC)
F =290
C

This is minimized when g—g =0

Ag(Cdsinh(Cd) — cosh(Cd))
2
Cdsinh(Cd) — cosh(Cd) =0
Cdsinh(Cd) = cosh(Cd)

tanh(Cd) = é

=0

Numerically solving this we get
Cd ~ 1.19968...

Denoting that number with o we have

«a
C=-
d
2dsinh(a) ’
— =
2.10
Honestly I have still not managed to solve this problem :/
2.11

Consider a number n. We know for every natural number m such that m < n that a force F
applied at a distance ¢ is equivalent to a force mF applied at a distance £/m. Now consider a
stick with forces F applied upwards at both ends 0 and ¢ and a force 2F/(n — 1) applied at every
point

£ 20 30 (n—1)¢

n"n’'n n
where distances are measured from the left end. The stick does not translate because the net
force is zero and it does not rotate by symmetry. Now consider the stick to have a pivot at the
left end. Because we know for every natural number m such that m < n that a force F applied
at a distance ¢ is equivalent to a force mF applied at a distance ¢/m, we can simplify the forces
acting downward to be equivalent to be a single force acting downward at a distance % from the
left end with a magnitude




Thus, we see that a force F at a distance /¢ is equivalent to a force Fn at a distance % By

induction, this is true for all natural numbers.

2.12

If the tension does not point directly along the rope, there is a nonzero unbalanced torque, which
the string cannot support because it is completely flexible.

2.13

This system is unsolvable. There are three unknowns and two equations.

2.14

Let us define L as the distance between the bottom ends of the two sticks and A as their mass
density. The left stick has a length of Lsin(#). The torque exerted by gravity on the left stick is

Lsin(0)
/ Agsin(0)x dx
0

L?sin(0)3\g
2
Thus the normal force between the sticks must satisfy

L2 sin(6)3
% — Lsin(8)Fporm

Lsin(6)2)
Fnorm = (2) g

Similarly, the torque due to gravity on the right stick is

L cos(0)
/ Ag cos(0)x dx
0

L? cos(6)3\g
2
Thus the friction force must be
7 Lcos(0)?\g
fric = — o5

Thus to not fall we must have
Ffric < ,UFnorm
L RS
% < fracLusin(9)*\g2
cos(0)? < psin(h)?

1
= < tan()?
LS (9)

1
6 > arctan \/7
1

L
M
/ gcos(f)x dx
0 L

2.15
The torque on the ladder is

12



Mg cos(0)L
2
Thus the normal force must satisfy
14 Mg cos(0)L
Fnorm =
tan(6) 2

Mgsin(0)L
Fnorm = g27£()

2.16
Let the stick have a mass density A(x). Let the stick be cut off at the point xy. Thus the torques

must balance so we have

zo+~L o)
/ (xo + £ —x)\(x)g9dr = / H(x—xo —OA(x)gdx
xo+L )
/ (20 + ON() — 2A() da = / @) = (o + O\ () de

/00(330 + OAx) — 2A(x)de =0

/gﬂ:o(xo +O)X(z)gdx = /wjo xA(z)g dx

Unfinished because i am dumb
2.17
a) Balancing forces in the horizontal direction gives

T cos(0) = Frrict

and balancing torques gives

T = RFfrict
Thus T
% = T cos(0)
T
0= —=
arccos(R)
b)
R,UFnorm

T<
,

Thus at the maximum T we have

Ry(mg — T sin(0)
r

T =

Tr 4+ TRusin(0) = Rmgpu
Rmgp
r + Ry sin(0)

13



Using r» = Rcos(#) this becomes

T_ Rmgp
~ Recos(0) + Rusin(6)

mgp
cos(f) + psin(0)

cos(f) =

=]l

sin?(0) + % =1

sin(f) =14/1 — 72

mgp
2
Etm/l-m

Rmgp
T+ ,U\/W

This is minimized when the derivative with respect to r is zero so

T:

Simplifying

j( Rmgp

or r + uvR2 — 12
gmRu(l — =) .
(uV/R2 — 12 +1)2 B

Tt

VI

VR —1r2=ry

B2 — 12 =22

R? =r?(1+ 4

| Rr2
=y —
1+ p2

R

)=0

gmRu( 1)=0

T = —————
V14 p?
2.18
The torque on the stick from gravity is
L? cos(8)pg

2
By similar triangles the height of the point of contact off the ground is

R(1+ cos(8))

14



Thus on the other triangle

sin(0) = R(1 + cos(0))

L
so L is
R(1 + cos(9))
sin(6)

Thus the torque becomes

LR(1+4 cos(#)) cos(0)pg

2sin(6)

so the normal force must be
R(1 + cos(0)) cos(0)pg

2sin(0)
The horizontal component of the normal force is

R(1 4+ cos(6)) cos() sin(8)pg
2sin(0)

R(1+ cos(8)) cos(0)pg
2
But the torques must also balance, so the frictional force between the stick and the circle must
be the same as between the circle and the ground. Thus we have

R(1 + cos(0)) cos(0)pg
2

= Frrict(1 4 cos(6))

So the frictional force is
Rcos(0)pyg

2

2.19
Denote the torque due to gravity on any one stick 7, the length of any one stick L, and the
distance between the bottom of any stick and its point of contact with the previous circle £. The
normal force between the first stick and circle is

-

L

, which means this is also the normal force between the first circle and the second stick. Balancing
the torques on the second stick gives

% +7 = Fnorm(2)L

T J4
F 2)= —(1+ —
worm(2) = (14 7)

In general
LFhorm(n) + 7 = Fpopm(n+ 1)L
CEorm (TL) + 7
L
In the limit assuming this goes to a constant value we have

Fnorm(n + 1) -

LFporm(00) + 7

Fnorm(oo) - I

15



Fnorm(oo)L = anorm(oo) + 7

r
Fnorm(oo) - L 76
By the reasoning of problem 2.18,
~ L%cos(0)pg
’ 2
R(1 + cos(0))
L= -
sin(6)
By mysterious geometry
0
(= Rtan(g)

L? cos(6) pg
2

Frorm(20) = Fiiteos
o) — Rtan(§)

(R(1+Cos(0)) )2 cos(0)pg
F (OO) o sin(0) 2
norm " R(l+cos(d))  R(1—cos(9))
sin(6) sin(6)

cos(0)pgR?(14-cos(0))?
- 25sin2(0)
Fnorm(OO) - 2R cos(0)
sin(0)
pgR(1 + cos(9))?
Frorm(00) = 4sin()

Note: this is not the answer the answer key gives, but somehow they’re exactly the same by
mysterious trig identities.

3.1

In all honesty i have this equation memorized

ma — 1My
ar =02 =g————
m1+m2

2m1m2

mi + mo

)
3.2
Equations:
Ty —mig = miaq

T — mag = maag
Ty — m3g = maas
T, = 2T,
2a1 + as = —as
Substitute 4 and 5 into 1, 2 and 3:

2T5 — mia; = mag

T5 — maag = mag

16



15 + (2(11 + ag)(m3) = msg

Subtract 7 from 8:
(2a1 + az)(m3) + maas = (Mg — ma)g

(m3 —ma)g — (M3 + ma)as
2m3

ayp =

Substitute 10 into 6:
(m3 —mao)g — (m3 + ma)as

2T2 —ma o
3

=m1g
Simplify:
4Tymz — my(m3 —ma)g — mi(ms + ma)az = 2mzma g
4Toyms = my(ms — ma)g + mi(ms + ma)ag + 2msmyg
4Tymg = mq(3mg — ma)g + m1(ms + ma)as

m1(3ms —ma)g + mi(ms + ma)as
4m3

T, =

Substitute into 7:
m1(3ms — ma)g + mi(msz + ma)as

4m3

— Maaz = Mag

m1(3ms — ma)g + mi(msz + ma)ags — dmsmaas = 4mgmag

0 — dmsmag — m1(3ms — ma)g
0=

ma(ms + ma) — dmgmo

3.3
uh wtf
3.4
For the two on the ends,
T —mg = may

For the ones in the middle,
2T — mg = mas

And conservation of string gives

—NGQ = ai
Solving
2T — 2mg = 2ma;
mg = m(ag — 2a1)
g=as+2Nasy
as = g
" 1+2N
—Ng
a =
T 14N
3.5

2T — m;g = mya,

17



Define the reduced mass

Then NM
T — g
2
NMg—m;g = m;a;
_ NMg—m.g

m;

%

3.6

mgsin(f) — pmg cos(f) = ma
g(sin(0) — pcos(9))t?

Az = 5
Az — g(sin(0) — Mc;)s(e)) cos(6)t?

18



2
i(:Eh) = %((cos(f?) + psin(@)) cos(#) — (sin(f) — pcos()) sin(f)) =0

cos?(0) + 2u cos(0) sin(f) — sin?(0) = 0
cos(20) 4+ psin(20) =0

1
tan(20) = ——
]
1
26 = arctan(——)
i
arctan(—i)
=
3.7
At the beginning, v, is V and v is 0. The total force of friction is
pumg cos(6)
mgsin(6)
. . AN
Frrict. = mgsin(0) sm(arctan(v—))
Il
vl
Firict1 = mg sin(e)”il
. (N
Frict) = mgsin(6) cos(arctan(v—n))
. 1
Fyriet)| = mg sin(f) —=———
i 2
_ = —gsin(0 I
)= ) e
v, 2
@ () = gsin(@)(1 L i) 22411
— = gsin ———) = gsin(f) ——
a9 S g e
d d

d gsin(0)v v, 2 vy 2
2V = 7= ! (= 1= (14 =)
¢7-H v op { I

Yl

19



oy SROOTVETED  a
dt %2+1 dt
vty =c
V+0=c
c=V
vty =V

After a very long time all of the block’s velocity is in the direction parallel to the plane so

21}” =V
%
u=g

3.8
Define F,,,,., as the force between the block and the plane. Equations of motion:

Frormsin(0) = —Map,
Frorm sin(f) = map,

Frorm cos(8) — mg = may,

—Qpy

m = tan(6)
Fnorm cos(9) —mg
F,mw;nsin(e) _n; F,,w,,,%sin((,) = tan(f)
Frorm cos(0) —mg
Frorm Sin%)(M+m) = tan(#)
mM
Form cos(6)M — mM
Frorm sirE(G))( M+ m)g = tan(f)
Frorm(cos(0)M — sin(0)(M + m) tan(f)) = mMg
Frorm = mMg
" (cos(0) M — sin(0) (M + m) tan(6))
mgsin(6)

e = T cos(0)M — sin(0)(M + m) tan(0))
3.9

F(t) = mage™"

2" (t) = age™

20



a'(t) b ta
—ag
0=—
b +
—bt
, —ape ago
" v
z'(t) b b
—bt t
z(t) = ao; * az +h
ago
0= 3+5

—bt
ape aot aop
$(t) = b2 + b b2

3.10
dv
_— —k
mvdx ’
muv de = —kl’ dl‘

va _ka

3.11




3.12
Note to self: finish problem

F(v) = mg — mav

v W
g Cdt
d
dt = 22
g — av
t:MJ’_C
o
0= —ln(g—avo)+c
a

ca =In(g — avg)

In(g —
= n(g — avo)
a
—ta =1In(g — av) — In(g — awvp)
oota _ 9V
g — avo

e (g —avg) =g — aw

g—e (g —avo) _

«
—ta —ta
g—e “g+e Tayg
=0
e}
e—tagie—taoévo
_9tt a
xr = +c
«
agt + e~ g — e~ auy
= 5 +c
«
g — o
0= —a  tc
a

_agt+ e~teg — e tequy — g + avg

a2

22



_agt+e (g — avy) — (g — avp)

o2
agt + (e7* — 1)(g — awg)
o2

3.13
T = mglsin(f) =~ mgl
me20" (t) = mglf(t)
0" (t) = %9(1&)

The general solution is

o(t) = aetVE 4 Be_t\/%

Using the initial conditions

to=a+p
0'(t) = ﬁ(aetﬂ — Be V1)
Wo = %(a—ﬁ)
a=0y—-p

1 ( g 1 g =
o) = 5(90 +w0\/;)€t\/; + 5(90 — UJO\/;)Q_t 3

(600) (mng) Z h

>
0= meze,

Because a and [ are both so small, the negative exponential term is neglibigle, so we have

_1 ho [0 /F
9<t)_2(90+m€290\/;)6 z

So we must maximize the coefficient
h 14
O+ ——1/—
" me6, \/;

23



Thus

3.14
x = vcos(0)t

1
y =vsin(f)t — §Qt2

X

~ weos()

T 1 x2

y = vsin(9) veos(d) 2902 cos(6)?
2

— _ 97

y = wtan() 202 cos(6)?

_ 9"

202 cos(0)?

9

202 cos(0)?

202 sin(6) cos(#)
g

Zf 2
/ x tan(0) S R—
0

0 =z tan(f) —

tan(f) =

:l'f
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|x2 tan(fd) gr? s
2 6v2 cos(0)2 ©

tan(6) (21)2 sin(0) cos(6) 2 g (21)2 sin(0) cos(6)

2 g 6v2 cos(6)? g

25in®(#) cos(8)v* 4 sin®(#) cos(8)
g9° 3

2sin®(6) cos(8)v*

392
d ( 2sin® () cos(0)v*

dx 392

)3

)=0
20
3g2
3sin?(#) cos?(0) = sin*(9)
3cos?(#) = sin?(h)
tan(d) = V3
p_ T

(3sin(0) cos?(0) — sin*())

w

2 Sin3(§) cos(5)v*

392

V3t
892

Amax =

Amaz =

25



